The deleting items and disturbing mesh theorems of Riemann Integral are extended to multiple integral,line integral and surface integral respectively by constructing various of incomplete Riemann sum and nonRiemann sum sequences which converge to the same limit of classical Riemann sum. And, the deleting items and disturbing mesh formulae of Green's theorem, Stokes' theorem and divergence theorem (Gauss's or Ostrogradsky 's theorem) are also deduced. Then, the deleting items and disturbing mesh theorems of general Stokes' theorem on differential manifold are also derived.
Introduction
The deleting items theorem and disturbing mesh theorem of Riemann Integral and the combination of deleting items and disturbing theorem of Riemann Integral are proposed for the one-dimensional Riemann Integral in [1] . We aim to extend the deleting item and disturbing mesh theorems to multiple integral,line integral and surface integral in this paper. Then, we develop the deleting items and disturbing mesh formulae for Green's theorem, Stokes' theorem and divergence theorem (Gauss's or Ostrogradsky 's theorem). At last, we derive the deleting items and disturbing mesh theorem of general Stokes' theorem in manifold analysis.
As Green's theorem, Stokes' theorem and divergence theorem have strong physics and engineering background. Our researches not only discuss the integral based on Riemann sum in mathematical analysis, but also show the uncertainty of physical measurement based on integral in the sense of limit theory especially in computation simulation with finite partition, and reveal the complexity of mathematical modeling from the existences of numerous different physical formulas in finite status approaching the same classical physical limit formulas and obeying same theory.
Deleting Items and Disturbing Mesh Theorem of Multiple Integral
There is no uniform expression on multiple integral, the integral intervals can be [ [2, 3, 4, 5] . Definition 1 refers to [3] . 
is called Riemann sum of f corresponding to the partition of interval I with distinguished points (P, ξ), where m(I k ) is the measure of I k .
I
f (x)dx := lim λ(P )→0
σ(f, P, ξ),
Provides the limit exists, it is called the multiple Riemann integral of function f over the interval I and f is integrable. Or,
f (x)dx =ˆ· · ·ˆI f (x 1 , x 2 , . . . , x n )dx 1 · · · dx n := lim I k , and no two of the intervals I 1 , . . . , I m have common interior points. Denote P = {I 1 , . . . , I m } , the mesh λ(P ) := max 1≤k≤m d(I k ) (the maximum among the diameters of the intervals of the partition P). For any distinguished points ξ = {ξ 1 , . . . , ξ m }, ξ k ∈ I k , k = 1, . . . , m. Denote J = {1, 2, · · · , m}. Then, i) For a fixed natural number K ∈ N + (1 ≤ K < m), denote J K = {i 1 , · · · , i K } ⊂ J, and J \ J K = {1, 2, · · · , m} \ {i 1 , · · · , i K }. 1 Then,
where m(I k ) is the measure of I k . 
where m(I k ) is the measure of I k .
Proof Since f is bounded, ∃M > 0, so that |f | < M. As f is integrable over I, ∀ǫ > 0, ∃δ = ǫ > 0, while λ(P ) < δ,
Since lim (1) Since
(2) As
Let f : I → R be a real-valued and bounded function. Let intervals I 1 , . . . , I m be partition of I induced by partitions of the coordinate inter-
I k , and no two of the intervals I 1 , . . . , I m have common interior points. Denote P = {I 1 , . . . , I m } , The mesh λ(P ) := max 1≤k≤m d(I k ) (the maximum among the diameters of the intervals of the partition P). For any distinguished points ξ = {ξ 1 , . . . , ξ m },
Let intervalsĨ 1 , . . . ,Ĩ m be distorted or inaccuracy grid of I 1 , . . . , I m re-
Then,
where m(I k ) is the measure of I k . Proof Since
This ends the proof.
Note that f may not be defined onĨ\I, though f can be extended on it according to the values on intersect boundary. To avoid overelaborate discussion, we only consider ξ k ∈Ĩ I. For convenience, we assume that f is defined onĨ I . And the distorted gridĨ = 
Theorem 3 (Deleting Items and Disturbing Mesh Theorem of Multiple Integral) Let
ii) If P is an equal partition. For any natural number
Then, lim
According to Theorem 1 and 2, we obtain
(2) According to Theorem 1 and 2, we obtain
Note: Theorem 1,2,3 can be easily extended to the integral domain of Jordan-measurable set in R n .
Deleting Items and Disturbing Mesh Theorem of Line Integral
There are two types of linear integral: first type linear integral and second type linear integral, or scalar linear integral and vector linear integral [5, 7] . Definition 2 and 3 refer to [7] .
Definition 2 (Scalar Line Integral) Let x : [a, b] → R 3 be a path of class C 1 , and f : D ⊆ R 3 → R be a continuous function whose domain D contains the image of x (so that the composite f (x(t)) is defined). Let a = t 0 < t 1 < · · · < t m = b be a partition of [a, b] . Let t * k be an arbitrary points in the k-th subinterval [t k−1 , t k ] of the partition, △t k = t k −t k−1 . Then we consider the Riemann sum
where △s k =´t
△t k is the length of the k-th segment of x (i.e. the portion of x defined for t k−1 ≤ t ≤ t k ). If the limit of Riemann sum exists as max △t k → 0, we define the limit as the scalar line integral
where
n be a path of class C 1 (n ≥ 2). Let F be a vector field defined on D ⊆ R n such that D contains the image of x. Assume that F varies continuously along x. Let a = t 0 < t 1 < · · · < t m = b be a partition of [a, b] . Let t * k be an arbitrary points in the k-th subinterval [t k−1 , t k ] of the partition, △t k = t k −t k−1 . Then we consider the Riemann sum
If the limit of Riemann sum exists as max{△t k } → 0, we define the limit as vector line integral
where ds = x ′ (t)dt. The deleting items and disturbing mesh theorems of scalar line integral are as follows. 
ii) If P is an equal partition, for any natural number
where △s k =´t Let
where Let
The deleting items and disturbing mesh theorems of vector line integral are as follows.
Theorem 7 (Deleting Items Theorem of Vector Line
n be a path of class C 1 (n ≥ 2). Let F be a vector field defined on D ⊆ R such that D contains the image of x. Assume that F varies continuously along x.
and
n be a path of class C 1 (n ≥ 2). Let F be a vector field defined on D ⊆ R such that D contains the image of x. Assume that F varies continuously along x,and the vector line integral of F over x exists.
Let
Theorem 9 (Deleting Items and Disturbing Mesh Theorem of Vector
n be a path of class C 1 (n ≥ 2). Let F be a vector field defined on D ⊆ R such that D contains the image of x. Assume that F varies continuously along x, and the vector line integral of F over x exists.
where Theorem 4, 5, 6, 7, 8, 9 are similar to Theorem 1,2,3 correspondingly, we omit the detail procedures. And, Theorem 4, 5, 6, 7, 8, 9 can also be discussed as [1] while variable of integration is t.
Deleting Items and Disturbing Mesh Theorem of Surface Integrals
There are two types of surface integral: surface integral over scale field and surface integral over vector field [7] . They are also called surface integral of the first type and surface integral of the second type [3, 5] . Definition 4,5 refer to [7] . Definition 4. (Scaler Surface Integral) Let S be a smooth parameterized surface, that is S is the image of the
where D is a connected ,bounded region in R 2 . Let f be a continuous function defined on S = X(D). Suppose S is partitioned into finitely many small pieces S 1 , S 2 , · · · , S m , every two of them can only intersect along some parts of their boundaries, and the area of the k-th pieces is △S k . Let c k denote an arbitrary "test point" in the k-th piece. Then the scalar surface integral of f over S should be¨S
provided the limit exists.
Definition 5. (Vector Surface Integral) Let X : D → R 3 be a smooth parameterized surface, where D is a bounded region in the plane, and let F(x, y, z) be a continuous vector field whose domain includes S = X(D).
Suppose S is partitioned into finitely many small pieces S 1 , S 2 , · · · , S m , every two of them can only intersect along some parts of their boundaries, and the area of the S k is △S k . Let c k denote an arbitrary "test point" in the S k piece. Then the vector surface integral of F along X is denoted as
The deleting items and disturbing mesh theorems of scaler surface integral are as follows.
Theorem 10 (Deleting Items Theorem of Scaler Surface Integral) Let S be a smooth parameterized surface, that is S is the image of the
Suppose D is partitioned into finitely many small pieces D 1 , D 2 , · · · , D m , every two of them can only intersect along some parts of their boundaries, and the area of the k-th pieces is
Theorem 11 (Deleting Items Theorem of Scaler Surface Integral) Let S be a smooth parameterized surface, that is S is the image of the
Theorem 12 Let S be a smooth parameterized surface, that is S is the image of the
where D is a connected, bounded region in R 2 . Let f be a continuous function defined on S = X(D). Suppose D is partitioned into finitely many small pieces D 1 , D 2 , · · · , D m , every two of them can only intersect along some parts of their boundaries, and the area of the k-th pieces is
where N(u, v) = ∂X ∂u × ∂X ∂v . The deleting items and disturbing mesh theorems of vector surface integral are as follows. Suppose D is partitioned into finitely many small pieces D 1 , D 2 , · · · , D m , every two of them can only intersect along some parts of their boundaries, and the area of the k-th pieces is
Theorem 14 (Disturbing Mesh Theorem of Vector Surface Integral) Let X : D → R 3 be a smooth parameterized surface, where D is a bounded region in the (u, v) plane, and let F(x, y, z) be a continuous vector field whose domain includes S = X(D).
Theorem 15 (Deleting Items and Disturbing Mesh Theorem of Vector
where N(u, v) = ∂X ∂u × ∂X ∂v . Theorem 10-15 can be easily proved according to Theorem 1-3 of multiple integral, while the integral variables of the first type and second type surface integrals are parameterized variables (u, v) in domain D. Thus, we develop the deleting item theorem, disturbing mesh theorem and deleting item and disturbing mesh theorem for multiple integral, line integral and surface integral respectively.
In addition, deleting item Riemann sum of multiple integral, line integral and surface integral can be treated as incomplete Riemann sum, but disturbing mesh Riemann sums of them are different from the traditional Riemann sum, we call them non-Riemann sums.
Deleting Items and
The famous three theorems Green's Theorem, Gauss's Theorem and Stokes' Theorem and relative definitions are mainly referred to [7] .
∇f is a vector field and is called the gradient field of f .
, be a vector field of class C
1 on the open set D. The curl (or rotor) of F is the vector field defined, formally, by the determinant
Green's theorem Let D be a closed, bounded region in R 2 whose boundary C = ∂D consists of finitely many simple, closed, piecewise C 1 curves.
Orient the curves of C so that D is on the left as one traverses C. Let F(x, y) = {P (x, y), Q(x, y)} be a vector field of class
Gauss's Theorem Let V be a bounded solid region in R 3 whose boundary ∂V consists of finitely many simple, closed orientable surfaces, each of which is oriented by unit normals that point away from V . Let F be a vector field of class C 1 whose domain includes V . Then
Stokes' Theorem Let S be a bounded, piecewise smooth, oriented surface in R 3 . Suppose that ∂S consists of finitely many piecewise C 1 , simple, closed curves each of which is oriented consistently with S. Let F be a vector fields of class C 1 whose domain includes S. Then
In the rest, we will combine the deleting items theorem, disturbing mesh theorem and deleting items and disturbing mesh theorem in one theorem for Green's Theorem,Gauss's Theorem and Stokes' Theorem respectively. Let ξ k denote an arbitrary "test point" in D k .
Suppose C = ∂D = x(T ), t ∈ T ⊂ R, where T is a union set of finite intervals determined by C. Let t 0 , t 1 , t 2 , · · · , t p be any partition points of
3 Since C is closed. 4 As long as p is large enough, all intersect points of piecewise C 1 curves are adopted as points of partition P , hence,
iii) If both P D and P ∂D are equal partitions, for any natural number
For any natural number
Theorem 17 (Deleting Items and Disturbing Mesh Theorem of Gauss' Theorem) Let V be a bounded solid region in R 3 whose boundary ∂V consists of finitely many simple, closed orientable surfaces, each of which is oriented by unit normals that point away from V . Let F be a vector field of class C 1 whose domain includes V .
Suppose V is partitioned into finitely many small pieces V 1 , V 2 , · · · , V m , every two of them can only intersect along some parts of their boundaries, 
iii) If both P V and P ∂V are equal partitions, for any natural number
Theorem 18 (Deleting Items and Disturbing Mesh Theorem of Stokes' Theorem) Let S be a bounded, piecewise smooth, oriented surface in R 3 . Suppose that ∂S consists of finitely many piecewise C 1 , simple, closed curves each of which is oriented consistently with S. Let F be a vector fields of class C 1 whose domain includes S. 
Suppose ∂S = x(T ), t ∈ T ⊂ R, where T is a union set of finite intervals determined by ∂S. Let t 0 , t 1 , t 2 , · · · , t p be any partition points of
iii) If both P D and P ∂D are equal partitions , for any natural number
According to Theorem 1-15 and conclusions of Green's Theorem, Gauss's Theorem and Stokes' Theorem , we can easily prove Theorem 16-18. It is well-known that the three classical theorems play important roles in natural science, such as electrostatics, fluid dynamics, mathematics of physics and engineering,etc, Theorem 16-18 reveal that there are more different physical status and phenomena (incomplete Riemann Sum , non-Riemann Sum (especially, disturbing mesh Riemann Sum) ), which have different physical backgrounds and interpretation, also converging to the limit integral status of three classical theorems. Based on limit theory, numerous incomplete Riemann Sums and non-Riemann Sums incidental to a fixed Riemann Sum will lead to the complexity in cognition and mathematical modeling of the nature and objective world in theory and thought.
Deleting Items and Disturbing Mesh Theorem of General Stokes' Theorem
In manifold analysis with k−form, exterior derivative, chart, k−dimensional surface, manifold and integral over form and orientable surface, Green's The-orem, Gauss's Theorem and Stokes' Theorem can be expressed in general Stokes' Theorem [2, 3, [6] [7] [8] [9] [10] [11] , which is also treated as an extension of high dimension form of line integral and surface integral. To avoid verbose repeating content of manifold analysis, we only list the main definitions involved in our discussion. Since the notations are slight different in literatures 5 , the notations involved in the discussion mainly refer to [3] .
There are two general Stokes' theorems in manifold analysis, one is on k−chain [11] , or k−cube [9] , or k-dimensional surface [11] , the other is on manifold. Both are described as follows [3] .
General Stokes' Theorem on k−dimensional surface If S be an oriented piecewise smooth k−dimensional compact surface with boundary ∂S in the domain G ⊂ R n , in which a smooth (k − 1)-form ω is defined.
in which the orientation of the boundary ∂S is that induced by the orientation of S.
General Stokes' Theorem on Manifold Let M be an oriented smooth n-dimensional manifold and ω a smooth differential form of degree n − 1 and compact support on M. ThenˆM
where the orientation of the boundary ∂M of the manifold M is induced by the orientation of the manifold M. If ∂M = ∅, thenˆM dω = 0.
According to the discussions of deleting items and disturbing mesh theorems on multiple integral, line integral, surface integral, Green's Theorem, Gauss' Theorem and Stokes' Theorem, we give the deleting items and disturbing mesh theorem of General Stokes' Theorem on k−dimensional surface and manifold as follows. For convenience, we assume the union of any partition and its distorted partition still satisfies the theorem's precondition involved in discussion.
Theorem 19 (Deleting Items and Disturbing Mesh Theorem of General Stokes' Theorem on k−Dimensional Surface) If S be an oriented piecewise smooth k-dimensional compact surface with boundary ∂S in the domain G ⊂ R n , in which a smooth (k − 1)-form ω is defined.
Suppose a finite atlas
There exists a partition
can only intersect along some parts of their boundaries. Suppose V is partitioned into finitely many small pieces V 1 , V 2 , · · · , V m , every two of them can only intersect along some parts
Suppose ∂S is covered by a finite atlas 
ii) For a fixed natural number
iii) If both P S and P ∂S are equal partitions, which make each ϕ
m(V i △Ṽ i ) = 0, according to the integral over k-form and k-dimensional surface, and Theorem 2, we obtain
Similar to above proof, we can obtain
Therefore, Theorem 19 i) holds.
(2) According to the definitions of integral over k-form and integral over k-dimensional surface and Theorem 1,
(67) Again, as a chart belonging to an atlas of S generates an atlas of ∂S [3] ,
it can be transformed into (k − 1)-multiple integral. Similar to the above proof, we can obtain
Again, according to general Stokes' theorem on k-dimensional surface and above proofs, Theorem 19 ii)a) holds. 
According to general Stokes' theorem on k-dimensional surface and above proofs, Theorem 19 ii)b) holds. (4) Since P S and P ∂S are equal partitions, and each ϕ
into equal partition respectively, according to Theorem 3, we obtain,
Similarly, we obtain, lim
According to general Stokes' theorem on k-dimensional surface and above proofs, Theorem 19 iii)a) holds.
(5) According to Theorem 19 i) ,Theorem 19 iii)a) and Theorem 3, we obtain,
Similarly, we obtain,
According to general Stokes' theorem on k-dimensional surface and above proofs, Theorem 19 iii)b) holds. Summarily,Theorem 19 holds.
is an atlas of ∂S, we can adopt
, Theorem 19 will be more legible and can directly apply Theorem 1-3 to proof.
Theorem 20(Deleting Items and Disturbing Mesh Theorem of General Stokes' Theorem on Manifold) Let M be an oriented smooth n-dimensional manifold and ω a smooth differential form of degree n − 1 and compact support on M.
Suppose a finite atlas {(
B i , and let e 1 , · · · , e r be a partition of unity subordinate to that covering suppω, and that suppe i ⊂ U i , i = 1, · · · , r. Suppose V is partitioned into finitely many small pieces V 1 , V 2 , · · · , V m , every two of them can only intersect along some parts of their boundaries,
is the coordinate representation of the form e i ω| U i in the domain B i of variation of the coordinates of the corresponding local chart.
Suppose ∂M is covered by a finite atlas 
iii) If both P M and P ∂M are equal partitions, which make each ϕ 
Proof Since manifold M is compact, suppω ⊂ M is compact on manifold M, there exist partitions of Unity on M. As dω is n-form on n-dimensional manifold M, and ω is n − 1-form on n-dimensional manifold M,ˆΨ dω and ∂Ψ ω will be finally changed to k-dimensional or (k −1)-dimensional multiple integral about parameter domain under the definition of integral of form. Similar to the proof of Theorem 19, according to Theorem 1-3, integral on n−1-form and n-dimensional manifold , multiple integral of n-dimension and n − 1-dimension, and the conclusion of general Stokes' Theorem, it is easy to prove that Theorem 20 holds. We omit the verbatim repetition of detail proof.
Remark 3 Since {(∂Ũ
is an atlas of ∂M, we can adopt ψ i = ϕ i | R n−1 .
Remark 4 Since a chart can be defined as ϕ : R k → U ⊂ R n or ϕ : [0, 1] k → U ⊂ R n , and both S and M are compact, we assume that all parameter domains for the charts involved in integral over chart and surface are bounded in Theorem 19 and Theorem 20. The assumption is convenient for application of multiple integral with Riemann sum.
Therefore we extend deleting items and disturbing mesh theorems of general Stokes' Theorem on k−dimensinal surface and manifold.
Conclusion
The deleting items and disturbing mesh theorems are extended to multiple integral,line integral, surface integral, Green's Theorem, Gauss' Theorem , Stokes' Theorem and general Stokes' Theorem, which are the foundation of advanced calculus in modern mathematics. Our conclusions address the following mathematical philosophy thinking.
Multiple integral is foundation of measure theory of multivariate, hence deleting item and disturbing mesh theorem of multiple integral directly affects the measurement in high dimension space (including Lebesgue measure and measure zero in the sense of Lebesgue, etc), calculation of probability distribution, moments of multivariate random variable and elements of stochastic process.
Incomplete Riemann sum and non-Riemann sum constructed by deleting items and disturbing mesh in any partition have different background and meaning from traditional Riemann sum especially in Faraday's law and Ampère's law, however, their limit behaviors obey the same rule, which will provoke one's deep thought of mathematical nature for physical world. In some sense, the classical Green's theorem, Gauss' Theorem and Stokes' Theorem are rules hiding in more complicated mathematical sequences with different intuitive physical background. Existences of Incomplete Riemann sum and non-Riemann sum also make us to rethink the meaning of grid design and approaching accuracy of integral and differential equation in computation simulation.
Deleting items and disturbing mesh theorems of general Stokes' theorem provide a deep view of integral on manifold and k-dimensional surface, so that we can scan the subtle configurations of limit,k-form and integral in high-dimension space.
